In this work, we prove that the Schmidt number of any mixed state of M k ⊗ M m (k ≤ m) invariant under left partial transpose with tensor rank 3 is at most k − 2. In particular, the state is separable if k = 3. This result is a new contribution to an ongoing investigation that relates low tensor rank to separability. We also show how to create an entangled PPT state from any state supported on the anti-symmetric space and how their Schmidt numbers are exactly related.
Introduction
Recent advances in the theory of positive maps have renewed the interest in the Schmidt number of a quantum mixed state, especially in relation to states with positive partial transpose (PPT states) (See [19] ). A large Schmidt number is associated to an idea of strong entanglement while positivity under partial transpose is associated to a weaker form of entanglement (See [8, 17, 18] ). Discovering the best possible Schmidt number for PPT states has become an important problem (See [6, 13, 15, 19] ).
Recently, an example of a PPT state with Schmidt number half of its local dimension has been found (See [5, Proposition 2] ). This state is a mixture of the orthogonal projection on the symmetric space with a particular pure state. Although it seems delicate, the construction is actually quite robust. Here we extend it to many other mixtures.
Given any state γ supported on the anti-symmetric subspace of C k ⊗ C k , we show that SN(Id + F + ǫγ) = 1 2 SN(γ) and Id + F + ǫγ is positive under partial transpose for ǫ ∈ 0, 1 3 , where SN(γ) denotes the Schmidt number of γ and F ∈ M k ⊗ M k is the flip operator.
These mixtures have been firstly considered in [16] to construct entangled PPT states. It was already noticed in [16] that SN(γ) > 2 would create an entangled mixture. Later in [5, 14] , it was noticed that SN(Id + F + ǫγ) ≥ 1 2 SN(γ), for any ǫ > 0, and arbitrary state γ supported on the anti-symmetric space. Our new result shows how the Schmidt numbers of this PPT mixture and the original γ are exactly related for sufficiently small ǫ.
Since mixed states supported on the anti-symmetric subspace of C k ⊗ C k with any even Schmidt number can be easily constructed (See remark 2.10), the result above yields a variety of new examples of PPT states with Schmidt number that varies from 1 to half of its local dimension. Their constructions do not need to be as rigid as the one presented in [ 
for every a, b ∈ C k ).
PPT entangled Mixtures
In this section we show that Id + F + ǫγ is PPT and SN(Id + F + ǫγ) = SN (γ) 2 , for ǫ ∈ 0, 1 3 , where γ ∈ M k ⊗ M k is any positive semidefinite Hermitian matrix with trace 1 supported on the anti-symmetric space (See theorem 2.9 and remark 2.10).
• the Schmidt coefficients of w ∈ C k ⊗ C m as the singular values of V (w).
• the Schmidt rank of w ∈ C k ⊗ C m (SR(w)) as the rank of V (w). Recall that δ is separable if its Schmidt number is 1.
The left partial transpose is defined analogously). Moreover, let us say that δ is positive under partial transpose or simply PPT if δ and δ Γ are positive semidefinite Hermitian matrices.
Definition 2.5. Let α = {a 1 , . . . , a p } be an orthonormal basis of C p . Define the separable matrix
Lemma 2.6. Let a ∈ C k be a unit vector. Then Id
Proof. Let p be a prime number greater than k and α 1 , . . . , α p+1 be p + 1 mutually unbiased bases of C p (See [11] ). We can assume without loss of generality that α 1 = {a 1 , . . . , a p } and
Consider the matrices A α 1 , . . . , A α p+1 in definition 2.5. In particular, 1 , v 2 } and {w 1 , w 2 } be 3 mutually unbiased bases of C 2 , where {e 1 , e 2 } is the canonical basis (See [11] ). In addition, let [4, lemma 5.5] . Moreover,
Define U k×2 such that Ue 1 = a 1 and Ue 2 = a 2 .
Note that, since U is semi-unitary, b 1 , . . . , b 6 are unit vectors.
, which is separable, for ǫ ≤ 1 6 , by lemma 2.6.
Finally, note that
for ǫ ∈ 0, 1 3 . Proof. By [9, Corollary 4.4.19.] , there are orthonormal vectors v 1 , . . . , v n , w 1 , . . . , w n of C k and positive numbers λ 1 , . . . , λ n such that
Note that SR(m n ± . . . m 1 ± v) = n = SR(v) 2 . In addition, SN Id + F − ǫ for ǫ ∈ 0, 1 3 .
Proof. By remark 2.4, (Id + F + ǫγ) Γ = Id + uu * + ǫγ Γ .
Since
for every positive ǫ.
, for ǫ ∈ 0, 1 3 , by lemma 2.8.
.
Letting β 1 > SR(v 1 )−2 SR(v 1 ) , we get SN(γ) = SR(v 1 ). Now, use this γ in the theorem above to obtain a variety of examples of PPT states with Schmidt numbers that vary from 1 to half of its local dimension. Compare this construction with that presented in [5, Proposition 2] . There γ is a very specific rank 1 matrix. Now, we have a flexible way of constructing such states. Let us recall the definition of tensor rank. Definition 3.1. Let δ ∈ M k ⊗ M m . The tensor rank of δ is 1, if δ = A 1 ⊗ A 2 and δ = 0. The tensor rank of an arbitrary γ ∈ M k ⊗ M m \ {0} is the minimal number of tensors with tensor rank 1 that can be added to form γ.
Low tensor rank implies separability
The next lemma is well known (e.g., [3, Lemma 3 .42] ). 
are Hermitian matrices such that Im(γ i ) ⊂ Im(γ 1 ) and Im(δ i ) ⊂ Im(δ 1 ), for every i, and γ 1 , δ 1 are positive semidefinite. Proof. We can assume that A has tensor rank 3, since every state with tensor rank less than 3 is separable by [1, Theorem 58] .
First, let us assume that A is positive definite. Let A = 3 i=1 γ i ⊗ δ i be the decomposition described in lemma 3.2.
Note that γ 1 , γ 2 , γ 3 are real symmetric matrices, since A is invariant under left partial transpose. Moreover, γ 1 ∈ M 3 must be positive definite, otherwise A would not be positive definite (since Im(γ i ) ⊂ Im(γ 1 ) for every i).
Let γ 1 = R 2 , where R ∈ M 3 is real, symmetric and invertible. Let
Since R −1 γ 2 R −1 is real symmetric, there is an orthogonal matrix O ∈ M 3 such that
Note that C is positive definite and has the following format:
where m ij is the ij entry of the real symmetric matrix M and δ 3 , F 1 , F 2 , F 3 are Hermitian matrices. Since C is positive definite, F 1 ∈ M k is also positive definite.
Assume that m 21 , m 31 = 0 (If one or both are zero then the proof is simpler). Note that
Next, let F 1 = UU * for an invertible U. Thus,
The second summand above is a well known separable matrix, since L is normal (See [12, Theorem 1] and [10, Lemma 3] ).
In addition, the first summand can be embedded in M 2 ⊗ M k . Since there are only three subblocks forming this matrix (O 2 − L 2 , O 3 and O 4 ), its tensor rank is less or equal to 3. Moreover, it is positive semidefinite, since
Therefore, the first summand of equation 3.1 is also separable by [2, Theorem 19] . Hence, the sum is separable and C is separable. Therefore, A is separable. Now, for the positive semidefinite case. Given ǫ > 0, define
Note that A(ǫ) has tensor rank less or equal to 3, is invariant under left partial transpose (ǫId + γ 1 , γ 2 , γ 3 are symmetric) and is positive definite (A(ǫ) = A + ǫId ⊗ δ 1 + γ 1 ⊗ ǫId + ǫ 2 Id ⊗ Id). By the first case, A(ǫ) is separable and so is lim By the construction of B, its tensor rank is less or equal to the tensor rank of A, which is 3. Therefore, B is separable by theorem 3.3. Absurd!
Summary and Conclusion
Here we have presented new results on the Schmidt number of bipartite quantum states. We have provided a flexible method of constructing PPT states with any given Schmidt number that varies from 1 to half of its local dimension. We also have shown that invariance under left partial transpose is a sufficient condition for the separability of tensor rank 3 states of M 3 ⊗ M m . As a corollary we have proved that tensor rank 3 states of M k ⊗ M m (k ≤ m) that are invariant under left partial transpose cannot have Schmidt number greater than k − 2.
